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$\bullet$ $A\models R(\overline{a})$ $\overline{a}$
$\bullet$ $\sigma$ $A\models R(\sigma(\overline{a}))$ .
$L$ $A$ $n$ $R\in L$ $R^{A}$ $A$ $n$
$R$ $A$ $\delta$
$\delta(A)=|A|-\sum_{R\in L}\alpha_{R}|R^{A}|$
( $\alpha_{R}$ 1 ) $\delta(A/B)=\delta(A\cup B)-\delta(B)$
$A\subset B$ $A$ $B$ ( strong)
$\delta(X/A\cap X)>0$ for any finite $X\subset B$
$A\leq B$
$\bullet A\leq B\leq C$ $A\leq C$ ;
$\bullet$ $A\leq C$ $B\subset C$ $A\cap B\leq C$ .
$A\subset B$ $A$ $C\leq B$




$(K, \leq)$ $A\leq B\in K$ $A\leq C\in K$
$B$ $C$ $A$ strong $D\in K$
$(K, \leq)$ $L$ $M$ :
$\bullet$ $A\subset M$ $K$
$\bullet$ $A\leq B\in K$ $A\leq M$ $B$ $A$ strong $M$
$\bullet$ $M$ $A\subset M$
$|c1_{M}(A)|$
$M$ $(K, \leq)-$
$M,$ $N$ $(K, \leq)-$ $M\cong N$
$M$ ( $B,$ $B’\leq M$









$A,$ $B\subset \mathcal{M}$ $d(A/B)=d(A\cup B)-d(B)$
$B$
$d(A/B)= \inf$ { $d(A/B_{0})$ : $B_{0}$ is a finite subset of $B$ }
$B\cap C\subset A$ $A,$ $B,$ $C$ $B$ $C$ $A$
$R^{ABC}=R^{AB}\cup R^{AC}$ for each $R\in L$
$B\perp {}_{A}C$ $B1_{A}C$ $B\cup C$
$B$ $C$ $A$ $B\oplus_{A}C$
2 Lemmas
$A\subset B$ , $A\preceq B$
$\delta(X/A\cap X)\geq 0$ for any finite $X\subset B$
$A\leq B$
Lemma 2.1 (Evans [2]) $M$
$\overline{b},\overline{c}\in \mathcal{M}$ $A\subset\Lambda\Lambda$
1. $d(\overline{b}/\overline{c}A)=d(\overline{b}/A)$
2. cl $(\overline{b}A)\cap$ cl $(\overline{c}A)=$ cl $(A)$ , cl $(\overline{b}A)\perp$cl $(A)$ cl $(\overline{c}A)$ , cl $(\overline{b}A)$ ucl $(\overline{c}A)\preceq \mathcal{M}$ .
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$\Leftrightarrow$ $\delta(c1(BC))=\delta(BC),$ $\delta(B/C)=\delta(B/B\cap C),$ $\delta(B\cap C)=\delta(A)$
$\Leftrightarrow$ $BC\preceq \mathcal{M},$ $B1_{B\cap C}C,$ $B\cap C=A$
Remark 2.2 $i=0,1,3$ $A_{i}\subset A_{i}^{l}$ $A_{0}’,$ $A_{1}’,$ $A_{2}’$
$\delta(A_{1}/A_{0})-\delta(A_{1}/A_{0}A_{2})\leq\delta(A_{1}’/A_{0}’)-\delta(A_{1}’/A_{0}’A_{2}’)$ .
Lemma 2.3 $M$
$\overline{b},\overline{c}\in \mathcal{M},$ $A\subset \mathcal{M}$ $d(\overline{b}/\overline{c}A)=d(\overline{b}/A)$
1. $c1(\overline{b}A)1_{c1(A)}c1(\overline{c}A)$
2. cl $(\overline{b}A)$ Ucl $(\overline{c}A)\preceq \mathcal{M}$
Proof cl$(A)=A$ $B=$ cl $(\overline{b}A),$ $C=$ cl $(\overline{c}A)$
$BC\preceq \mathcal{M}$ $B_{0}\subset B,$ $C_{0}\subset$
$C$
$\delta(Y/B_{0}C_{0})<0$





















$B_{0}\subset B,$ $C_{0}\subset C$ $A_{0}=B_{0}\cap C_{0}$ $\gamma=$
$\delta(B_{0}/A_{0})-\delta(B_{0}/c_{0})$ $A_{0}\subset A_{1}\subset A$ $A_{1}$
$d(B_{1}/A_{1})-d(B_{1}/A)<\gamma$







3 Strong order properties
Definition 3.1 (Shelah [10]) $T$ $\mathcal{M}$
1. $n\geq 3$ $T$ $SOP_{n}$ (n-strong order property)
n-
$\phi(\overline{x},\overline{y})$
(a) $\models\phi(\overline{a}_{i},\overline{a}_{j})$ for $i<j\in\omega$ $\mathcal{M}$ $(\overline{a}_{i})_{i\in\omega}$
(b) $\models\neg\exists\overline{x}_{0}\ldots\overline{x}_{n-1}(\phi(\overline{x}_{0},\overline{x}_{1})\wedge\phi(\overline{x}_{1},\overline{x}_{2})\wedge\ldots\wedge\phi(\overline{x}_{n-1},\overline{x}_{0}))$
2. $SOP_{n}$ $NSOP_{n}$
3. $T$ SOP (strict order property)
Remark 3.2 1. $SOP\Rightarrow\cdots\Rightarrow SOP_{4}\Rightarrow SOP_{3}\Rightarrow$ not simple,
([10]).





Assumption 4.1 (Evans-Wong [3]) $L$ relational
$n$ $n$
$f$ : $\mathbb{R}^{\geq 0}arrow \mathbb{R}^{\geq 0}$ :
1. $f$ $\lim_{xarrow\infty}f(x)=\infty$
2. $K_{f}$ $\delta(B)\geq f(|B|)$ for every $B\subset A$ $L$ $A$
$(K_{f}, \leq)$ : $A\leq B\in K_{f}$
$A\leq C\in K_{f}$ $B\oplus_{A}C\in K_{f}$ .
2 $(K_{f}, \leq)-$ $M_{f}$ 1 $L$
Th $(M_{f})$ $\omega$-
Example 4.2 (Hrushovski [8]) Hrushovski $SU$ 1 super-
simple $M_{f}$ : $L=\{R(*, *, *)\},$ $\alpha_{R}=1,$ $f(x)=$
$\log$3 $x+1$ $f$ Assumption 4.1
$M_{f}$ $independence$ theorem over closed $sets$
Th $(M_{f})$ simple Th $(M_{f})SU$
1 supersimple
Theorem 4.3 (Evans-Wong [3]) $M_{f}$ Assumption 4.1
Th $(M_{f})$ NSOP4
5 Theorem
Assumption 5.1 $L$ relational $A\subset B$ $A\leq$
$B$ $\delta(X/X\cap A)>0$ for any finite $X\subset B$ Ko
$\delta$ $0$ $L$
$K\subset$ Ko $M$ $(K, \leq)-$ $\Lambda t$
Definition 5.2 $A\subset \mathcal{M}$
1. $\overline{a},\overline{b}\in \mathcal{M}$ $\overline{a}$ $\overline{b}$ $A$ ( $d$- )
$d(\overline{a}/\overline{b}A)=d(\overline{a}/A)$ cl $(\overline{a}A)\cap$ cl $(\overline{b}A)=$ cl$(A)$
$\overline{a}\downarrow_{A}^{d}\overline{b}$
34
2. $\overline{a}_{0},$ $\ldots,\overline{a}_{n}\in \mathcal{M}$ $\overline{a}_{0},$ $\ldots,\overline{a}_{n}$ $A$
$i\leq n$ $\overline{a}_{i}\downarrow_{A}^{d}\overline{a}_{0}\ldots\overline{a}_{i-1}$




1. $\overline{b}\downarrow_{A}^{d}\overline{c}$ $\Leftrightarrow$ $d(\overline{b}/\overline{c}A)=d(\overline{b}/A)$
2. $\overline{b}\downarrow_{A}^{d}\overline{c}$ $\Leftrightarrow$ $\overline{c}\downarrow_{A}^{d}\overline{b}$ ( )
3. $\overline{b}\downarrow_{A}^{d}\overline{c}\overline{d}$ $\Leftrightarrow$ $\overline{b}\downarrow_{A}^{d}\overline{c}$ $\overline{b}\downarrow\frac{d}{c}A\overline{c}\overline{d}$ ( )
Remark 5.4 $\overline{b},\overline{c}\in \mathcal{M},$ $A\subset \mathcal{M}$
1. $A\leq c1(\overline{b}A),$ $A\leq c1(\overline{c}A)$
2. $c1(\overline{b}A)\perp_{A}c1(\overline{c}A)$
cl $(\overline{b}(cl(\overline{b}\overline{c})\cap A))=$ cl $(\overline{b}\overline{c})\cap$ cl $(\overline{b}A)$
cl $(\overline{c}(c1(\overline{b}\overline{c})\cap A))=c1(\overline{b}\overline{c})\cap c1(\overline{c}A)$
Proof.
$B=c1(\overline{b}A),$ $C=c1(\overline{c}A)$
$B_{1}=c1(\overline{b}\overline{c})\cap B,$ $C_{1}=c1(\overline{b}\overline{c})\cap C,$ $A_{1}=c1(\overline{b}\overline{c})\cap A$
$B_{0}=c1(\overline{b}A_{1}),$ $C_{0}=c1(\overline{c}A_{1})$
$B_{0}\neq B_{1}$ $C_{0}\neq C_{1}$ .
$B_{1}\cup C_{1}\neq B_{0}\cup C_{0}$
$B_{1}\cup C_{1}\subset$ cl $(B_{0}\cup C_{0})$
$\delta(X/B_{0}\cup C_{0})\leq 0$
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$X\subset B_{1}\cup C_{1}-B_{0}\cup C_{0}$ $X$
$X^{b}=X\cap B,$ $X^{c}=X\cap C$
$B\perp {}_{A}C$







$A$ $(\overline{a}_{i})_{i\in\omega}$ $\overline{a}_{0},\overline{a}_{1}$ , $\overline{a}_{2}$ $C$
$C(\supset A)$
Proof $I=$ $(\overline{a}_{i} :i\in\omega)$ $\emptyset$
$(\overline{a}_{i}:i\in Z)$ $J=(\overline{a}_{i}: i<0)$ $i\in\omega$
$d(\overline{a}_{i+1}/\overline{a}_{0}\ldots\overline{a}_{i}J)=d(\overline{a}_{i+1}/J)$







$C=$ cl $(\overline{a}_{0}\overline{a}_{1}\overline{a}_{2})\cap B$ $C$












Proof $I=(\overline{a}_{i})_{\in\omega}$ $I$ $\emptyset$
$p(\overline{x}_{0}\overline{x}_{1})=tp(\overline{a}_{0}\overline{a}_{1})$ Th$(M)$ $NSOP_{4}$
$p(\overline{x}_{0}\overline{x}_{1})\cup p(\overline{x}_{1}\overline{x}_{2})\cup p(\overline{x}_{2}\overline{x}_{3})\cup p(\overline{x}_{3}\overline{x}_{0})$
Lemma 5.5 $\overline{a}_{0},\overline{a}_{1},\overline{a}_{2}$ $C$ $E_{i}=$
cl $(\overline{a}_{i}C),$ $E_{ij}=$ cl $(\overline{a}_{i}\overline{a}_{j}C)$ $E=E_{01}E_{12}$
Claim: $E_{0}E_{2}=E_{0}\oplus c^{E_{2}}$ $E_{0}E_{2}\leq E$
Proof of Claim $\overline{a}_{0}\downarrow_{C}^{d}\overline{a}_{2}$ $E_{0}E_{2}=E_{0}\oplus_{C}E_{2}$ Remark 5.3
$\overline{a}_{1}\downarrow_{0}\frac{d}{a}c\overline{a}_{2}$ $\overline{a}_{1}\downarrow\frac{d}{a}{}_{2}C\overline{a}_{0}$ $E_{01}\cap E_{02}=E_{0}$ $E_{12}\cap E_{02}=$
$E_{2}$ . $E_{0}E_{2}=E\cap E_{02}\leq E$ . (End of Proof of Claim)
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$E_{1}$
$tp(\overline{a}_{0}/C)=tp(\overline{a}_{2}/C)$ $E_{0}\cong c^{E_{2}}$ $E_{0}$ $E_{2}$
$C$ $\sigma$ : $E_{0}E_{2}arrow E_{0}E_{2}$ $\sigma$ $E$
$\sigma’$ $E\cap\sigma’(E)=E_{0}E_{2}$ $E\perp_{E_{0}E_{2}}\sigma’(E)$
$F=E\oplus_{E_{0}E_{2}}\sigma’(E)$
$F\in K$ $M$ $\tau(F)\leq M$
$\tau$
$\overline{a}_{0}’=\tau(\overline{a}_{0}),\overline{a}_{1}’=\tau(\overline{a}_{1}),\overline{a}_{2}’=\tau(\overline{a}_{2}),\overline{a}_{3}’=\tau(\sigma’(\overline{a}_{1})),$ $C’=\tau(C)$
$c1(\overline{a}_{0}’\overline{a}_{1}’C’)\cong c1(\overline{a}_{0}\overline{a}_{1}C),$ $c1(\overline{a}_{1}’\overline{a}_{2}’C’)\cong c1(\overline{a}_{1}\overline{a}_{2}C)$ ,
cl $(\overline{a}_{2}’\overline{a}_{3}’C’)\cong$ cl $(\overline{a}_{0}\overline{a}_{1}C)$ , cl $(\overline{a}_{3}^{l}\overline{a}_{0}’C’)\cong$ cl $(\overline{a}_{1}\overline{a}_{2}C)$ .
tp $(\overline{a}_{0}’\overline{a}_{1}’C’)=$ tp $(\overline{a}_{0}\overline{a}_{1}C)$ , tp $(\overline{a}_{1}’\overline{a}_{2}’C’)=$ tp $(\overline{a}_{1}\overline{a}_{2}C)$ ,
tp $(\overline{a}_{2}’\overline{a}_{3}’C’)=$ tp $(\overline{a}_{0}\overline{a}_{1}C)$ , tp $(\overline{a}_{3}’\overline{a}_{0}’C’)=$ tp $(\overline{a}_{1}\overline{a}_{2}C)$ .
$\overline{a}_{0}’\overline{a}_{1}’\overline{a}_{2}^{l}\overline{a}_{3}’$ $p(\overline{x}_{0}\overline{x}_{1})\cup p(\overline{x}_{1}\overline{x}_{2})\cup p(\overline{x}_{2}\overline{x}_{3})\cup p(\overline{x}_{3}\overline{x}_{0})$
Remark 5.7
Evans-Wong $M_{f}$
(Assumption 4.1). Theorem 5.6 Evans-Wong
(Theorem 4.3) Example 6.2
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6 Examples
Example 6.1 (Evans-Wong [3]) SOP










$f$ : $\mathbb{R}^{\geq 0}arrow \mathbb{R}^{\geq 0}$ $(n_{i})_{i\in\omega},$ $(k_{i})_{i\in\omega}$
:
(a) $n_{0}=1,$ $k_{0}=2$ ;
(b) $n_{i}|n_{i+1}$ for each $i\in\omega$ ;
(c) $\alpha_{i}=1/n_{i}$ for each $i\in\omega$ ;
(d) $k_{i}(2k_{i}-1)\alpha_{i+1}<\epsilon_{i}$ , where $\epsilon_{i}=\min\{\delta_{i}(A)-f(|A|)$ : $\delta_{i}(A)>f(|A|),$ $k_{i-1}\leq$
$|A|\leq k_{i}\}$ ;
(e) $f(x)=\alpha_{i}\log(x/k_{i})+f(k_{i})$ for $k_{i}\leq x\leq k_{i+1}$ where $f(k_{i+1})\geq i+2$ .
:
1. $\lim_{xarrow\infty}f(x)=\infty$ ;
2. $(K_{f}, \leq)$ ;
3. $A\in K_{f}$ $\phi\in L(A)$ :
$A\subset B\in K_{f}$ $B\models\phi$ $A\leq B$ .
1 (e)
















3 $A\in K_{f}$ $A\leq_{n}B$
$A\leq A\cup X$ for any $X\subset B-A$ with $|X|\leq n$ .
1 $n_{A}\in\omega$ $A\leq_{n}AB\in K_{f}$ $A\leq B$ .
$\lim_{iarrow\infty}\alpha_{i}=0$ $n\in\omega$ $\phi_{n}$ $B\models\phi_{n}$
$A\leq_{n}$ B. $\phi=\phi_{n_{A}}$
2 $(K_{f}, \leq)-$ $M$ 1 Th$(M)$
3 $A\leq \mathcal{M}$ Th$(M)$
$M$
$a\perp b$ $ab\leq \mathcal{M}$ tp(ab)




Th$(M)$ $A,$ $B,$ $C,$ $D\in K_{f}$
$A=B\cap C,$ $B\perp {}_{A}C$
$A\leq B\leq D,$ $A\leq C\leq D$
$B\cup C\preceq D,$ $B\cup C\not\leq D$
$A<C<\mathcal{M}$ $C\leq D\in$
$K_{f}$ $D_{1}\leq \mathcal{M}$ $D_{1}\cong c^{D}$ $B_{1}$ $B_{1}D_{1}\cong BD$
$C\leq CB\in K_{f}$ $CB_{2}\leq \mathcal{M}$ $B_{2}\cong c^{B}$
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